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Abstract – The paper deals with adaptive choice of the
scaling parameter in derivative-free local filters. In the last
decade several novel local derivative-free filtering methods
have been proposed. These methods exploiting Stirling’s in-
terpolation and the unscented transformation are, however,
conditioned by specification of a scaling parameter signif-
icantly influencing the quality of the state estimate. Sur-
prisingly, almost no attention has been devoted to a suitable
choice of the parameter. In fact, only a few basic recommen-
dations have been provided, which are rather general and
do not respect the particular system description. The choice
of the parameter thus remains mainly on a user. The goal
of the paper is to provide a technique for adaptive choice of
the scaling parameter of the derivative-free local filters.

Keywords: state estimation, nonlinear filtering, Kalman fil-
tering

1 Introduction
The problem of recursive state estimation of discrete-time

stochastic dynamic systems from noisy or incomplete mea-
surement data has been a subject of considerable research
interest for the last several decades.

The general solution to the estimation problem is given by
the Bayesian recursive relations (BRR’s) for computation of
probability density functions (pdf’s) of the state conditioned
by the measurements [1]. These pdf’s provide a full de-
scription of immeasurable state. The closed form solution to
the BRR’s is available only for a few special cases [1], e.g.
for linear Gaussian system, which leads to the well-known
Kalman filter (KF). In other cases, it is necessary to apply
some approximate methods. These methods can be divided
into two groups: local and global methods [2, 3].

The local methods are often based on an approximation
of the nonlinear functions in the state or measurement equa-
tion so that the Kalman filter design technique can be used
for the BRR’s solution. This approach leads to description
of the conditional pdf’s of the state estimate by only the first
two moments, i.e. mean value and covariance matrix. This
rough approximation of the a posteriori estimates induces

local validity of the state estimates and consequently impos-
sibility to generally ensure convergence of the local filter
estimates. Thus, estimates generated by the local filters are
suitable mainly for point estimates. On the other hand, the
advantage of the local methods can be found in relative sim-
plicity of the BRR’s solution and acceptable computational
demands.

The global methods are based on a certain type of ap-
proximation of the conditional pdf of the state estimate to
accomplish better state estimates. Unfortunately, they have
higher computational demands than the local methods [3].
The global methods are not considered in this paper.

The standard local methods approximate nonlinear func-
tions in the state or the measurement equation by the Tay-
lor expansion up to the first or second order. The BRR’s
solution based on the this approximation leads to e.g. the
extended Kalman filter or the second order filter [1].

In the last decade, the novel approaches to local filter de-
sign based on the polynomial interpolation [4, 5, 6, 7, 3] or
on the unscented transformation [8, 6, 9, 10, 11, 7, 3, 12],
have been published. The approximation of the nonlin-
ear functions by means of Stirling’s polynomial interpola-
tion leads to the divided difference filters (DDF’s). Further,
the DDF’s can be classified into the divided difference fil-
ter first order (DD1) and the divided difference filter second
order (DD2) which are based on the first and second order
Stirling’s interpolation formula, respectively [4]. Instead of
the direct substitution of the nonlinear functions in the sys-
tem description, an approximation of the “already approx-
imated” pdf’s representing state estimates by a set of de-
terministically chosen weighted points (so called σ -points)
can be utilised as a base for the local filters. This trans-
formation is often called the unscented transformation. The
unscented Kalman filter (UKF) [8], the Gauss-Hermite filter
[6] or the cubature Kalman Filter [12] exemplify this ap-
proach. It is very important to mention that for the UKF
and the DDF’s (and their variants) common features can be
found although they come from quite different basic ideas
[4, 13, 3]. Therefore, these local filters are often referred
together as the sigma point Kalman filters or the derivative-



free Kalman (local) filters.
Almost all derivative-free filters are characteristic by that

their design is conditioned by specification of a scaling pa-
rameter significantly influencing the quality of approxima-
tion and thus influencing the quality of the state estimates.
Although, there exist some basic rules and recommenda-
tions on choice of the scaling parameter, the resulting choice
of the parameter is independent of the system description or
at best they depend on the system order only. The parame-
ter is thus chosen prior to the estimation experiment and it
remains constant during the whole experiment.

The goal of the paper is to propose a novel adaptive
technique for determination of the scaling parameter for
derivative-free local filters.

The paper is organised as follows. System specification
and state estimation problem are briefly introduced in Sec-
tion 2. Description of the derivative-free local filters to-
gether with a motivational example and the problem state-
ment is given in Section 3. Section 4 is devoted to the pro-
posal of the novel adaptive technique for scaling parameter
determination. An algorithm of the derivative-free local fil-
ters with the adaptive technique for scaling parameter de-
termination is summarised in Section 5. Numerical illustra-
tions of the proposed algorithm are provided in Section 6.
Concluding remarks are drawn in Section 7.

2 System Specification and State Es-
timation

Let the discrete-time linear stochastic system with nonlin-
ear measurement equation be considered

xk+1 = Fkxk + wk, k = 0, 1, 2, . . . , (1)
zk = hk(xk)+ vk, k = 0, 1, 2, . . . , (2)

where the vectors xk ∈ Rnx and zk ∈ Rnz represent the
immeasurable state of the system and measurement at time
instant k, respectively, Fk ∈ Rnx×nx is a known matrix,
hk : Rnx → Rnz is a known vector function, and wk ∈ Rnx ,
vk ∈ Rnz are the state and measurement white noises.
The pdf’s of the noises are supposed to be Gaussian with
zero means and known covariance matrices Qk and Rk , i.e.
pwk (wk) = N {wk : 0,Qk} and pvk (vk) = N {vk : 0,Rk},
respectively. The pdf of the initial state is supposed to be
Gaussian and known as well, i.e. px0(x0) = N {x0 : x̄0,P0},
and independent of the noises.

Note that such model is often used in e.g. tracking appli-
cations or parameter estimation in neural networks.

The aim of the state estimation is to find the state estimate
in the form of the conditional pdf p(xk |zk) in which zk

=

[z0, z1, . . . , zk]. In some cases it is sufficient to find the first
two conditional moments, i.e. the mean x̂k|k = E[xk |zk

]

and the covariance matrix Pk|k = cov[xk |zk
], which can be

understood as a Gaussian approximation of the conditional
pdf, i.e. p(xk |zk) ≈ N {xk : x̂k|k,Pk|k} [12].

3 Derivative-Free Local Filters and
Problem Statement

In this section the basic ideas, algorithms, and properties
of the derivative-free local filters are presented.

Generally, there are two main classes of derivative-free
local estimators; the first class is based on the polynomial
interpolation and the second one is based on the unscented
transformation. These approximation techniques can be il-
lustrated by an example of transformation of a random vari-
able through a nonlinear function [4, 8, 3].

3.1 Transformation of random variable
Let x ∈ Rnx and y ∈ Rny be random vector variables

related through the known nonlinear function

y = g(x) = [g1(x), . . . , gny (x)]
T . (3)

The variable x is given by the first two moments, i.e. the
mean x̂ and the covariance matrix Px . The aim is to calcu-
late the mean and the covariance matrix of y, and the cross-
covariance matrix Pxy , i.e.

ŷ = E[y] = E[g(x)], (4)

Py = cov[y] = E[(y− ŷ)(y− ŷ)T ], (5)

Pxy = E[(x− x̂)(y− ŷ)T ]. (6)

Unscented transformation: One of the possible solu-
tions is based on the unscented transformation (UT) [8]
where the random variable x is approximated by a set of
deterministically chosen σ -points {Xi } with corresponding
weights {Wi }

X0 = x̂,W0 =
κ

nx + κ
, (7)

Xi = x̂+
(√
(nx + κ)Px

)
i
,Wi =

1
2(nx + κ)

, (8)

Xnx+i = x̂−
(√
(nx + κ)Px

)
i
,Wnx+i = Wi , (9)

where i = 1, . . . , nx and the term
(√
(nx + κ)Px

)
i repre-

sents i-th column of the matrix
√
(nx + κ)Px . Then, each

point is transformed via the nonlinear function

Yi = g(Xi ),∀i, (10)

and the resulting characteristics are given as

ŷUKF
=

2nx∑
i=0

WiYi , (11)

PUKF
y =

2nx∑
i=0

Wi (Yi − ŷUKF)(Yi − ŷUKF)T , (12)

PUKF
xy =

2nx∑
i=0

Wi (Xi − x̂)(Yi − ŷUKF)T , (13)



Note that these results are only an approximation of the true
mean and covariance matrices which cannot be generally
computed and κ is the scaling parameter influencing accu-
racy of the approximation.

First order Stirling’s interpolation: Another approxima-
tion utilises the first order Stirling’s interpolation formula
(SI1) [4]. To simplify the following steps it is advantageous
to introduce a linear transformation of x, called stochastic
decoupling, given by

z = S−1
x x, (14)

where Sx is the square-root of the covariance matrix Px , i.e.
Px = Sx ST

x . Then, the elements of z become mutually un-
correlated with unit variance [4], i.e. E[(z− ẑ)(z− ẑ)T ] = I,
and the nonlinear function g(·) can be rewritten to the form

y = g(x) = g(Sx z) = g̃(z). (15)

The nonlinear function g̃(·), approximated by the first order
Stirling’s interpolation formula, is given by

y = g̃(z) ≈ g̃(ẑ)+
nx∑

i=1

1zi
g̃(ẑ+ hei )− g̃(ẑ− hei )

2h
, (16)

where ei is the i-th column of the identity matrix, 1zi is the
i-th element of 1z = z − ẑ. For the desired characteristics
it holds

ŷDD1
= g(x̂), (17)

PDD1
y =

1
4h2

nx∑
i=1

(
g(x̂+ hsi )− g(x̂− hsi )

)
×

×
(
g(x̂+ hsi )− g(x̂− hsi )

)T
, (18)

PDD1
xy =

1
2h

nx∑
i=1

si
(
g(x̂+ hsi )− g(x̂− hsi )

)T
, (19)

where si is the i-th column of the matrix Sx and h is the
scaling parameter representing a half of the interpolation in-
terval.

Second order Stirling’s interpolation: A more exact ap-
proximation is feasible by exploiting the second order Stir-
ling’s interpolation (SI2) [4, 3] which leads to more accurate
characteristics

ŷDD2
=

h2
− nx

h2 g(x̂)+

+
1

2h2

nx∑
i=1

(
g(x̂+ hsi )+ g(x̂− hsi )

)
, (20)

PDD2
y = PDD1

y,A +
h2
− 1

4h4

nx∑
i=1

(
g(x̂+ hsi )+ g(x̂− hsi )−

−2g(x̂)
)(

g(x̂+ hsi )+g(x̂− hsi )−2g(x̂)
)T
, (21)

PDD2
xy =

1
2h

nx∑
i=1

si
(
g(x̂+ hsi )− g(x̂− hsi )

)T
. (22)

3.2 Algorithm of derivative-free local filters
Algorithms of all local filters have the same structure

where the filtering and predictive mean and covariance ma-
trix are recursively computed to obtain the Gaussian approx-
imation of the estimated pdf’s [1, 4, 8, 3]. The structure of
the local filter algorithm for the system described by (1) and
(2) can be summarised in the following steps.

Step 1: Set the time instant k = 0 and define a priori initial
condition by the predictive mean x̂0|−1 = E[x0] = x̄0 and
the predictive covariance matrix P0|−1 = cov[x0] = P0.

Step 2: The state predictive estimate is updated with respect
to the last measurement zk according to

x̂k|k = x̂k|k−1 +Kk|k(zk − ẑk|k−1), (23)

Pk|k = Pk|k−1 −Kk|kPz,k|k−1KT
k|k, (24)

where Kk|k = Pxz,k|k−1(Pz,k|k−1)
−1 is the filter gain and

ẑk|k−1 = E[zk |zk−1
] = E[hk(xk)|zk−1

], (25)

Pz,k|k−1 = E[(zk − ẑk|k−1)(zk − ẑk|k−1)
T
|zk−1
] =

= E[(hk(xk)− ẑk|k−1)×

× (hk(xk)− ẑk|k−1)
T
|zk−1
] + Rk, (26)

Pxz,k|k−1 = E[(xk − x̂k|k−1)(zk − ẑk|k−1)
T
|zk−1
]. (27)

Step 3: The predictive statistics are given by the relations

x̂k+1|k = E[xk+1|zk
] = Fk x̂k|k, (28)

Pk+1|k = E[(xk+1 − x̂k+1|k)(xk+1 − x̂k+1|k)
T
|zk
] =

= FkPk|kFT
k +Qk . (29)

Let k = k + 1 and algorithm continues by Step 2.

As is argued in [12], it is reasonable to consider the filtering
pdf and likelihood pdf to be Gaussian with particular means
and covariance matrices, i.e. p(xk |zk) ≈ N {xk : x̂k|k,Pk|k}

and p(zk |zk−1) ≈ N {zk : ẑk|k−1,Pz,k|k−1}. With respect to
linear state equation (1) the predictive pdf is supposed to be
Gaussian as well.

The crucial difference between particular local filters can
be found in the approximation applied to the computation of
the measurement predictive statistics (25)–(27). The DD1 is
based on the approximation of the nonlinear function hk(·)
by the SI1. This means, that the measurement predictive
statistics (25)–(27) can be computed according to (17)–(19),
considering x̂ as x̂k|k−1, Px as Pk|k−1, ŷDD1 as ẑk|k−1, PDD1

y

as Pz,k|k−1, PDD1
xy as Pxz,k|k−1, and g(·) as hk(·). Analo-

gously, the divided difference filter second order utilises the
SI2 (20)–(22) and the unscented Kalman filter utilises the
UT (11)–(13). As the measurement predictive statistics are
computed using the derivative-free approximations, they de-
pend on the scaling parameter (κ for the UKF and h2 for the
DDF’s).

Note that for the linear dynamics (1), the predictive part
of all local filters, given by (28) and (29), is the same as



predictive part of the KF and thus independent of the scal-
ing parameter. For nonlinear dynamics, the state predictive
statistics (28) and (29), also depend on the scaling parameter
[3]. Further discussion concerning nonlinear dynamics can
be found in Section 6.

3.3 Standard choice of scaling parameter
The recommended settings for both scaling parameters,

namely κ and h, were determined by the analysis of the un-
scented transformation [8] and Stirling’s interpolation [4],
respectively. The analysis was based on a term-by-term
comparison of the Taylor series of the true mean ŷ and
covariance matrix Py (stemming from (4) and (5)) with
the Taylor series expansion of the approximated statistics,
namely with the Taylor expansion of relations (11), (12) for
the UT, (17), (18) for the SI1, and (20), (21) for the SI2.

In the case of the UT, the recommended setting of the
scaling parameter κ is κ = 3 − nx . Note that the intro-
duced UT (11), (12) represents a basic algorithm which suf-
fers from one main weakness, namely a possible loss of pos-
itive definiteness of PUKF

y (12) for multidimensional vari-
able x due to negative κ (if nx > 3, then κ < 0). Thus
several improved algorithms have been proposed which dif-
fer mainly in the σ -point computation, e.g. scaled, reduced
or high order UT or transformation based on the Gauss-
Hermite quadrature [11, 6]. Another possibility is to choose
κ = 0 for any dimension nx which leads to the cubature
Kalman filter [12]. The recommended choice of the inter-
val length for approximation using Stirling’s interpolation is
h2
= 3 [4].

It is necessary to mention that the analysis of the scal-
ing parameter were done provided that the pdf of the ran-
dom variable x in (3) is Gaussian. This assumption is not
obviously true when the derivative-free approximation tech-
niques are used in the framework of the local filters. Never-
theless, the recommendations concerning parameter setting
were adopted for the local filters as well. It should also be
mentioned that within the term-by-term comparison it is not
possible to evaluate an effect of high-order terms.

To illustrate the impact of the scaling parameter on filter
performance the following motivational example is given.

3.4 Motivational example
Let the model describing the bearings only tracking [14]

be considered

xk+1 =

[
0.9 0
0 1

]
xk + wk, (30)

zk = tan−1
(

x2,k − sin(k)
x1,k − cos(k)

)
+ vk, (31)

where k = 0, 1, . . . , N , N = 500, p(x0) = N {x0 :

[20, 5]T , 0.1I}, Qk =

[
0.1 0.01

0.01 0.1

]
, Rk = 0.025, ∀k,

and I is the identity matrix of appropriate size.
The state is estimated using five UKF’s with scaling pa-

rameter equal to κ = 0, 1, 2, 3, 4. The filter performance

Table 1: MSE of the UKF’s for different choices of κ .

κ = 0 κ = 1 κ = 2 κ = 3 κ = 4
MSE 23.66 14.35 9.09 6.20 4.79

is measured using the mean square error (MSE) using M =
103 Monte Carlo simulations, i.e.

MSE =

∑M
m=1

∑N
k=0

∑nx
i=1(x

(m)
i,k − x̂ (m)i,k|k)

2

M(N + 1)nx
, (32)

where x (m)i,k is the i-th component of the true state in the m-th

MC simulation at time k and x̂ (m)i,k|k its filtering estimate.
In Table 1 the resulting MSE’s are summarised. It can be

seen that although the recommended choice of the scaling
parameter is κ = 3− nx = 1 according to [8] and κ = 0 ac-
cording to [12], a better estimation quality can be obtained
by setting different value of the scaling parameter. There-
fore, the scaling parameter is still rather a user-defined pa-
rameter.

Table 1 demonstrates that the proposed rules and recom-
mendations concerning parameter choice need not lead to
the best results. One of the reason of these results is that
the scaling parameter is chosen a priori, without respecting
particular system description. At best, its choice depends on
the system order. The question which may arise is: How to
choose the scaling parameter with respect to particular sys-
tem description?

In this example with five considered choices of κ given
in Table 1, the best choice according to the MSE is κ = 4.
However, it should be noted that another value of κ can be
suitable for a different nonlinear model. The parameter κ
depends on both the function in the measurement equation
and the properties of the noises. Because of the fact the
considered model is nonlinear, the scaling parameter might
also depend on the particular operating point (on the part
of the state space in which the filter is operating), i.e. on
the estimated means and covariance matrices. Therefore, it
seems to be reasonable to suppose that the scaling parameter
is time variant and to find it an adaptive algorithm should be
considered.

Unfortunately, no algorithm for adaptive setting of the
scaling parameter has been proposed yet.

3.5 Problem statement
The aim of this paper is thus to propose an adaptive tech-

nique which allows to determine the scaling parameters with
respect to particular system description and estimated state,
i.e. estimated mean and covariance matrix. The novel adap-
tive technique should be applicable to all derivative-free lo-
cal filters with one or more scaling parameters. The tech-
nique is proposed in the following section.



4 Adaptive Choice of Scaling Param-
eter

In this section the novel adaptive technique for determi-
nation of the scaling parameters of the derivative-free filters
is proposed. The idea of the adaptive technique is that the
likelihood function is maximised with respect to the scaling
parameter in the filtering step at each time instant.

Note that for the sake of presentation clarity any scaling
parameter of the derivative-free local filter will be denoted
in this section as θ ∈ Rnθ , i.e. in the case of the UKF θ =
κ and in the case of the DDF’s θ = h. Moreover, θ can
represent a vector of scaling parameters because e.g. the
modified version of the unscented transformation is based
on two scaling parameters [11].

4.1 Likelihood function
The algorithm of the derivative-free local filter is given

by relations (23)–(29). It can be seen that the only statis-
tics directly depending on the scaling parameter θ, with re-
spect to the system description (1), (2), are the predictive
mean of the measurement ẑk|k−1 = ẑk|k−1(θ) (25), its co-
variance matrix Pz,k|k−1 = Pz,k|k−1(θ) (26), and the pre-
dictive cross-covariance matrix of state and measurement
Pxz,k|k−1 = Pxz,k|k−1(θ) (27). Thus, the approximate likeli-
hood function

p̂(zk |zk−1, θ) = N {zk : ẑk|k−1(θ),Pz,k|k−1(θ)} (33)

also depends on the scaling parameter.
Because the measurement zk is available at time instant k,

it is possible to compute the maximal likelihood estimate of
the scaling parameter θ at time k, which is of the form

θ̂k = arg max
θ

p̂(zk |zk−1, θ). (34)

The particular value of the likelihood function for the esti-
mate is then

ζk = p̂(zk |zk−1, θ̂k). (35)

4.2 Maximisation of likelihood function
Unfortunately, in most cases it is not possible to find a

closed-form solution to relation (34) with respect to rela-
tions (25), (26) computed using the UT, the SI1 or the SI2
and it is necessary to use a numerical technique for the max-
imisation.

There exist many general optimisation methods for find-
ing an extreme of a nonlinear function. As an example
the gradient method, Newton-type methods or the random
search maximisation method can be mentioned [15]. The
likelihood function (33) is not, however, usually strongly
concave and thus there are more (local) maxima. There-
fore, the gradient method or the Newton-type methods are
not suitable because they often converge to a local maxi-
mum. Moreover, these methods require computation of the
derivative of the criterion function which can be tedious or

even impossible. On the other hand, the random search
method belonging into global optimisation methods has sig-
nificantly higher ability to find a global maximum [15]. As
other advantages of the method the following can be men-
tioned: very simple implementation, acceptable computa-
tional demands, facile incorporation of a scaling parame-
ters domain (e.g. the scaling parameter κ in the UT cannot
be negative otherwise the covariance matrix Pz,k|k−1 (26)
may lost the positive-semidefiniteness [8]), applicability to
non-differentiable or discontinuous functions. The adaptive
random search maximisation method [15] considered in this
paper can be outlined as follows:

Step 1: Specify the feasible domain1 for the scaling param-
eter vector θk at time k, i.e.

D = {θk |θi,k,min ≤ θi,k ≤ θi,k,max , i = 1, 2, . . . , nθ }, (36)

where θi,k is the i-th element of θk and θi,k,min and θi,k,max
its minimum and maximum allowed value, respectively.

Step 2: Choose the initial condition for recursion, i.e. θ̂
0
k ,

according to

θ̂0
i,k =

θi,k,min + θi,k,max

2
, i = 1, 2, . . . , nθ , (37)

and set j = 0.

Step 3: Compute a trial vector θ̂
j+
k as

θ̂
j+
k = θ̂

j
k + e j , (38)

where e j is a realisation of a random vector generated ac-
cording to N {e : 0,P j

e } and the covariance matrix P j
e is

suitably (often adaptively) chosen.

Step 4: If p̂(zk |zk−1, θ̂
j+
k ) > p̂(zk |zk−1, θ̂

j
k ) then θ̂

j+1
k =

θ̂
j+
k , otherwise θ̂

j+1
k = θ̂

j
k .

Step 5: Increment j by one and go to Step 3.

Note that in the section devoted to the numerical illus-
trations also a numerical “grid method” will be utilised for
finding the global maximum of (34) within the domain. It
means that the domain is covered by an equally spaced grid
of points and the likelihood function is evaluated at these
points. Then, the grid point with the maximal value of the
likelihood function, i.e. with maximal ζk (35), is chosen and
considered to be the resulting estimate θ̂k (34).

5 Derivative-free filter with adaptive
choice of scaling parameter

The algorithm of the derivative-free filter with adaptive
choice of scaling parameter can be summarised as follows.

Step 1: Set the time instant k = 0 and define a priori initial
condition as x̂0|−1 = x̄0 and P0|−1 = P0.

1The feasible domain for κ in the UKF is κ ∈ [0,∞) and for h in the
DDF’s is h ∈ (0,∞).



Table 2: MSE, average filtering covariance, and computa-
tional costs of the UKF’s for different choices of κ .

κ ∈ κ ∈ κ ∈
κ = 0 κ = 4

{0 :0.1 :4} {0 :1 :4} {0 :4 :4}
MSE 23.66 4.79 2.69 2.75 2.76
Vc 0.19 0.26 0.31 0.31 0.32
time 0.0016 0.0330 0.0060 0.0030

Step 2: The vector of scaling parameters θ̂k is computed so
that the likelihood function (33) is maximised. Maximisa-
tion can be performed e.g. by the adaptive random search
maximisation method.

Step 3: The state predictive estimate is updated with respect
to the last measurement zk according to

x̂k|k = x̂k|k−1 +Kk|k(zk − ẑk|k−1), (39)

Pk|k = Pk|k−1 −Kk|kPz,k|k−1KT
k|k, (40)

where Kk|k = Pxz,k|k−1(Pz,k|k−1)
−1 is the gain and ẑk|k−1,

Pz,k|k−1, Pxz,k|k−1 are computed by means of relations (25)–
(27), chosen approximation (e.g. the UT or the SI ), and the
scaling parameter θ̂k .

Step 4: The predictive statistics are given by the relations

x̂k+1|k = E[xk+1|zk
] = Fk x̂k|k, (41)

Pk+1|k = E[(xk+1 − x̂k+1|k)(xk+1 − x̂k+1|k)
T
|zk
] =

= FkPk|kFT
k +Qk . (42)

Let k = k + 1 and algorithm continues by Step 2.

This algorithm has the same structure as the algorithm de-
scribed by relations (23)–(29). The only difference is com-
putation of the vector of scaling parameters θ̂k maximising
likelihood function at each time instant.

6 Numerical Illustrations and Soft-
ware Implementation of Algorithm

The novel adaptive technique for scaling parameter se-
lection is illustrated and discussed in this section using two
examples. Also its software implementation is treated.

6.1 Bearings only tracking
Let the bearings only tracking problem defined in Section

3.4 by relations (30), (31) be considered as the first example.
In this example the UKF will be mainly considered as an

representative of the derivative-free local filters. The perfor-
mance of the UKF’s with respect to different choices of the
scaling parameter κ will be measured using the mean square
error criterion (32) and the criterion characterising the aver-
age filtering covariance matrix Pk|k (24) given by

Vc =

∑M
m=1

∑N
k=0 |P

(m)
k|k |

M(N + 1)
, (43)
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Figure 1: Values of the scaling parameter κ with maximal
likelihood function.

where |P(m)k|k | is the determinant of the filtering covariance
matrix in the m-th MC simulation.

Table 2 summarises the results for two fixed values of κ
and three adaptive choices of κ with respect to (34), where
θ̂k = κ̂k . The used notation κ ∈ {κmin : κstep : κmax }

means that the likelihood function (33) is maximised at each
time instant k by means of the grid method on interval κmin
and κmax with the increment κstep. From the table it can be
seen that the adaptive choice of the scaling parameter with
respect to maximisation of the likelihood function has a sig-
nificant impact on the improvement of the estimation qual-
ity measured by the MSE. In this case, the impact of the
chosen increment κstep is rather insignificant. The reason
is the likelihood function p̂(zk |zk−1, κk) is at most time in-
stants monotonous at given interval κmin = 0 and κmax = 4
and the optimum scaling parameter estimate κ̂k usually lies
on the bounds. This can be illustrated by Figure 1 where
the maximal likelihood estimate of κ̂k is shown. An exam-
ple of behaviour of the particular likelihood function can be
found in Figure 2. The last row in Table 2 illustrates aver-
age computational costs in seconds necessary for computa-
tion of filtering and prediction step at one time instant. It
can be seen that better results can be obtained by the UKF
with the adaptive choice of the scaling parameter with a
slight increase of the computational demands (as in case
of the UKF(κ = {0 : 4 : 4}). For completeness, a typ-
ical example of the true and estimated state behaviour is
shown in Figure 3. It should be noted that contrary to the
UKF(κ ∈ {0 : 0.1 : 4}) with adaptive choice of the scaling
parameter, the UKF(κ = 2) with fixed κ often diverges for
a few time instants.

Better results can be obtained using the UKF with adap-
tive choice of the scaling parameter κ computed within a
larger domain, e.g. κmin = 0 and κmax = 9. The results
are given in Table 3. Extending the domain of the scaling
parameter naturally increases the computational cost. How-
ever, the computational costs in case of the grid method for
an one-dimensional scaling parameter increase almost lin-
early with respect to the domain enlargement.

The above mentioned results of the UKF with adaptive
choice of κ were obtained using the grid method (GM).
However, to find a maximum of the likelihood function
the random search maximisation algorithm (RS) outlined in
Section 4.2 can also be exploited. The MSE and compu-
tational demands of the UKF’s with adaptive choice of κ
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performed using the GM and the RS are shown in Table 4.
The used notation κ ∈ 〈κmin, κmax 〉 means that the maxi-
mum likelihood estimate κ̂ were computed by the RS within
the domain given by κmin and κmax . It can be seen that both
maximisation techniques gives almost the same results (for
sufficiently small κstep in the GM). The RS has generally
higher computational costs. However, the RS seems to be
more efficient for derivative-free filters with more than one
scaling parameter (for example the UKF mentioned in [11])
or for optimisation within a larger domain. The maximal
likelihood estimates of κ̂k for the UKF(GM, κ ∈ {0 : 0.1 :
9}) and the UKF(RS, κ ∈ 〈0, 9〉) are shown in Figure 4.

For completeness, the estimation quality of the DD1 and
DD2 for different values of the scaling parameter h (either
constant or adaptively chosen) is compared in Table 5 and
Table 6, respectively.

Table 3: MSE, average filtering covariance, and computa-
tional costs of the UKF’s for different choices of κ .

κ ∈ κ ∈
κ = 5 κ = 8 κ = 9

{0 :0.1 :9} {0 :1 :9}
MSE 4.22 3.69 3.66 1.68 1.68
Vc 0.26 0.22 0.21 0.32 0.32
time 0.0016 0.0720 0.0100

Table 4: MSE and computational costs of the UKF’s with
respect to different maximisation technique.

GM, κ ∈ GM, κ ∈ RS, κ ∈
{0 :0.1 :9} {0 :0.01 :9} 〈0, 9〉

MSE 1.68 1.68 1.72
time 0.072 0.670 0.340
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Figure 4: Values of the scaling parameter κ with maximal
likelihood function.
6.2 Nonlinear dynamics

As the second example, the following nonlinear system
was chosen [16]

xk+1 = (1− 0.051T )xk + 0.041T x2
k + wk, (44)

zk = x2
k + x3

k + vk, (45)

where 1T = 0.01, k = 0, 1, . . . , N , N = 150, p(x0) =
N {x0 : 2.3, 0.01}, Qk = 0.5, and Rk = 0.09, ∀k.

For the nonlinear system, the derivative-free local filters
still have the same structure as is given by relations (23)–
(29). The only difference is in relations (28), (29) for pre-
dictive statistics computation which cannot be computed ex-
actly and some approximation (e.g. the UT, the SI1 or the
SI2) has to be used. More details can be found in [3].

Therefore, the predictive statistics of the state also de-
pend on the scaling parameter, i.e. x̂k+1|k = x̂k+1|k(θ) and
Pk+1|k = Pk+1|k(θ), and the maximal likelihood estimate of
the scaling parameter θ̂k from filtering step is used in their
computation as well.

The estimation quality of the UKF’s with fixed and
adapted scaling parameter is compared using two criteria
(32) and (43) and the results are given in Table 7. Again,
the UKF with the adaptive choice of the scaling parameter
κ provides the better estimation quality with respect to the
UKF’s with fixed scaling parameters.

6.3 Implementation of algorithm
Both numerical illustrations were performed with

the aid of the Nonlinear Estimation Framework (NEF,

Table 5: MSE and average filtering covariance of the DD1’s
for different choices of h.

h ∈ h ∈
h = 1 h = 3 h = 4

{1 :0.1 :4} {1 :1 :10}
MSE 37.67 26.22 21.89 2.47 3.11
Vc 0.13 0.08 0.07 0.14 0.09



Table 6: MSE and average filtering covariance of the DD2’s
for different choices of h.

h ∈ h ∈
h = 1 h = 3 h = 4

{1 :0.1 :4} {1 :1 :10}
MSE 36.52 3.78 6.79 1.58 1.88
Vc 0.14 0.24 0.15 0.28 0.16

Table 7: MSE and average filtering covariance of the UKF’s
for different choices of κ for nonlinear system.

κ ∈
κ = 0 κ = 1 κ = 3 κ = 4

{0 :0.1 :4}
MSE 0.77 0.22 0.11 0.12 0.08
Vc 0.02 0.05 0.08 0.09 0.04

http://nft.kky.zcu.cz/nef) [17] which is a collection of MAT-
LAB functions for modelling system behaviour, state es-
timation (supporting prediciton, filtering, and smoothing),
and evaluation of the results. Among other estimators, the
UKF and the DDF’s with possibility to adaptively choose the
scaling parameters are implemented in the package NEF.

7 Concluding Remarks
The paper dealt with the choice of the scaling parameters

in the derivative-free local filters. The standard and widely-
used recommendations for the scaling parameter choice
were discussed and their weaknesses were highlighted. The
novel adaptive technique for the scaling parameter setting
was proposed. The technique is based on maximisation of
the approximate likelihood function with respect to the scal-
ing parameter at each time instant. Because the maximi-
sation is exactly unsolvable in general, numerical solutions
were discussed and presented. The derivative-free local fil-
ters, namely the unscented Kalman filter and the divided
difference filters, with technique for adaptive setting of the
scaling parameter were illustrated using two numerical ex-
amples. It was shown that they provide estimates with sig-
nificantly higher quality measured by the mean square error
than the filters with fixed parameters.
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